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Abstract. We prove that some of the basic differential functions appearing 
in the (unramified) theory of arithmetic differential equations [6], especially 
some of the basic differential modular forms in that theory, arise from a "ram- 
ified situation" . This property can be viewed as a special kind of overconver- 
gence property. One can also go in the opposite direction by using differential 
functions that arise in a ramified situation to construct "new" (unramified) 
differential functions. 



1. Introduction 

This paper is a continuation of the study of arithmetic differential equations 
begun in [3, [5j; cf. the Introduction and bibliography of [6]. For the convenience 
of the reader the present paper is written so as to be logically independent of the 
above references; we will instead quickly review here the main concepts of that 
theory and we will only refer to [31 [SJ IS] for various results as need. The purpose 
of the theory in [JJ [5J [3] is to develop an arithmetic analog of ordinary differential 
equations. This theory has a series of purely arithmetic applications for which we 
refer to [H [51 [TT] . In the rest of the introduction we will define our main concepts 
and state (in a rough form) our main results. We shall refer to the main body of 
the paper for detailed statements and for the proofs of our results. 

1.1. Review of notation and terminology [3j [5J [6]. Throughout this paper 
p > 5 is a fixed prime and we denote by R p = 1 p r the completion of the maximum 
unramified extension of Z p . We set K p — R p [l/p] (fraction field of R p ) and k — 
Rp/pR p (residue field of R p ); so k is an algebraic closure of F p . Let 7r be a root of an 
Eisenstein polynomial of degree e > 2 with coefficients in Z p . (Recall that Q p (tt) 
is then a totally ramified extension of Q p ; conversely any finite totally ramified 
extension of Q p is of the form Q p (tt) with it a root of an Eisenstein polynomial 
with coefficients in Z p .) In order to simplify some of our exposition we will assume 
in what follows that Q p (tt)/Q p is a Galois. (A typical example we have in mind for 
our applications is it = 1 — C p where £ p always denotes in this paper a p-th root of 
unity; in this case e = p— 1.) Consider the ring R^ := i? p [7r] = R p ®i p Z p [7r]. Then 
i?7r is a complete discrete valuation ring with maximal ideal generated by tt and with 
fraction field K w of degree e over K p . Let v p be the p-adic valuation on an algebraic 
closure of such that v p (p) = 1 (so v p (n) — 1/e) and let \x\ := p~ v p( x ~) be the 
corresponding absolute value. The ring R^ possesses a unique ring automorphism 
<p such that <^(7r) = it and <p lifts the p-power Frobenius of k = R^/ttR^. Clearly 
4> sends Rp into itself and is a lift of the p-power Frobenius of k — R p /pR p . Also 
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throughout the paper * denotes p-adic completion. For i? T -algebras the p-adic 
completion A is, of course the same as the 7r-adic completion. 

Our substitutes for "differentiation" with respect to p and it respectively are the 
Fermat quotient maps [3] <5 P : i? p — > i? p and 6 n : R n — >• R^ defined by 

SpX . — — , x G Rpi 

SnX .— - , x G Rm 
respectively. In particular, for x € R p , we have 
S n x — ^SpX, 



Jv2 , / V V 



(6 P xY 



Let V be an affine smooth scheme over R p and fix a closed embedding V C A d 
over R p . (The concepts below will be independent of the embedding.) A function 
f p : V{Rp) — > Rp is called a dp-function (or order r > 0) if there exists a restricted 
power series F p with i? p -coefficients, in (r + l)d variables such that 

(1.1) f p (x)=F p (x,S p x,...,S r p x), xeV(R p )cR p '. 

Here and later a power series is called restricted if its coefficients tend to 0. (If V 
is not necessarily affine f p is called a 5 p -function if its restriction to the i? p -points 
of any affine subset of V is a (5 p -function.) A function : V(Rtt) — > R^ is called 
a 6 w -function (or order r > 0) if there exists a restricted power series F„ with 
^-coefficients, in (r + l)d variables such that 

(1.2) U{x) = F„(x,5 n x,...,5^x), xeV^GRi. 

(If V is not necessarily affine /„• is called a ^-function if its restriction to the 
i?7r-points of any affine subset of V is a ^-function.) 

1.2. (V-overconvergence. The main concept we would like to explore (and ex- 
ploit) in this paper is given in the following definition. Let f p : V(R P ) — > R p 
be a (5 p -function. We will say that f p is 6^- overconvergent if one of the following 
equivalent conditions is satisfied: 

1) There exists an integer v > and a ^-function making the diagram below 
commutative: 

V(Rp) R p 

(1.3) tl \Tr 

V(K) A R„ 
(Here 1 stands for the inclusion and Tr stands for the R^/Rp-ti ace.) 

2) There exists an integer v > and a (necessarily unique) ^-function /„■ making 
the diagram below commutative: 

V(R P ) ^ R p 

(1.4) a it 

V(Rt T ) — ^> R-K 



OVERCONVERGENCE 



3 



The equivalence between conditions 1 and 2 above is trivial to check; cf. also 
Proposition 12.31 

The concept of <5 w -overconvergence is related to the classical concept of overcon- 
vergence in the theory of Dwork, Monsky and Washnitzer. Indeed let us say that 
a <5p-function f p : V(R P ) —> R p as in (II. ip is 5 p -overconvergent with radius > p if 
for any affine cover of V and any affine embeddings of the open sets of the cover 
the series F p in can be chosen to be overconvergent (in the classical sense of 
Dwork, Monsky and Washnitzer) in the variables S p x, 5 p x "with radius > p" . 
See the body of the paper for details of this definition. We will then show that any 
<5 p -function of order r < e — 1 which is ^Tr-overconvergent must be <5 p -overconvergent 
with radius greater than or equal to a universal constant that depends only on p 
and e. 

1.3. Main results. The interaction between 5 p -functions and ^-functions turns 
out to be a two way avenue as follows: 

1) From S^-functions to 5 p -functions. Given a ^-function /„. : V(R- K ) — ► R^ the 
function f p defined by the diagram (|1.3[) with v = turns out to be a <5 p -function. 
In this paper we will construct "interesting" ^-functions using bad reduction phe- 
nomena and then we will apply trace constructions (a geometric trace construction 
and also the R^ / Rp-tv&ce construction in diagram (|1.3j) which can be referred to 
as an arithmetic trace) to get "new" <5 p -functions. Cf. Theorem ll.il 

2) From 8 P - functions to 6 ^ -functions. In this paper we discover that some of the 
basic "old" ^-functions that played a role in [3l EJ [6] are ^-overconvergent. Cf. 
Theorem Ol 

We will apply the above considerations mainly to the theory of differential mod- 
ular forms 016]. To explain this recall the modular curve Xi(N)r over R p with 
(N,p) = 1, N > 4. This curve is smooth and carries a line bundle L such that 
the spaces of sections H°(Xi(N)r , L K ) identify with the spaces of modular forms 
on Ti(N) defined over R p of weight k; cf. [T5], p. 450, where L was denoted by 
to. The curve Xi(N)r p contains two remarkable (disjoint) closed subsets: the cusp 
locus (cusps) and the supersingular locus (ss). On Yi(N) — Xi(N)\(cusps) the line 
bundle L identifies with u^E/Yj^tN) wnere u '■ E — > Y\(N) is the corresponding uni- 
versal elliptic curve. Next consider an affine open set X C Xi(N)r and consider 
the restriction of L to X which we continue to denote by L. We can consider the 
affine X-scheme V := Spec (© neZ L® n ) — > X. Then a 8 p - modular function (on X, 
of level N and order r) is simply a <5 p -function V(R P ) — > R p (of order r). Similarly 
a Sir-modular function (on X, of level N and order r) is a ^-function V(R W ) —> R v 
(of order r). There is a natural concept of weight for a <5 p -modular function or a 
(^-modular function; weights are elements in the ring Z[<^>] of polynomials in (j) with 
Z-coefficients; cf. the body of the text for the definition of weight. £) p -modular func- 
tions (respectively ^-modular functions) possessing weights are called S p -modular 
forms (respectively 5^-modular forms). Now, as we shall review in the body of 
the paper, <5 p -modular functions / (and hence forms) possess S p -Fourier expansions 
denoted by E(f) which are restricted power series in variables S p q,...,S p q, with 
coefficients in the ring R p ((q))". 

Our first main result is a construction of some interesting "new" £) p -modular 
forms as i? T /i? p -traces of some (^-modular forms. In their turn, these (^-modular 
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forms will be constructed using the bad reduction of modular curves. Here is the 
result (in which X is assumed to be disjoint from the supersingular locus): 

Theorem 1.1. Let f — ^a n q n be a classical normalized newform of weight 2 and 
level To(Np) over Z. Assume a p = 1 and let -k — 1 — £ p . Then there exists a 
8p-modular form /J of level N , order 1, and weight which is 8 ^- over convergent 
and whose 8 p -Fourier expansion satisfies the following congruence mod p: 

\(n,p) = l J \n>l ) 

Cf. Proposition 14.111 in the paper. Note that the condition a v = 1 is equiva- 
lent to the condition that the elliptic curve attached to / via the Eichler-Shimura 
construction have split multiplicative reduction at p. The (5 p -modular form /jj in 
Theorem ll.il should be viewed as a bad reduction analogue of the £) p -modular forms 
P = f\ of level N, order < 2, and weight that were attached in [7] to classical 
normalized newforms / = ^ a n q n of weight 2 and level r (iV) over Z. For such an 
/ on T (N) that does not have CM (in the sense that the elliptic curve attached 
to it via the Eichler-Shimura construction does not have CM) the forms have 
order exactly 2 and were shown in |11) to have 5 p -Fourier expansions satisfying the 
following congruence mod p: 

E (f$) = f E %"]-« P (E«^ mp 

\(n,p) = l J \m>l 

Similar results are available for / on T (N) having CM; cf. ITTj ■ Unlike the 
forms /jj for / on T (Np) the forms for / on T (N) were defined for any X (not 
necessarily disjoint from the supersingular locus). 

Our second main result is a construction of (^-modular forms from certain 5 P - 
modular forms. Indeed, a key role in the theory in [SJ [TJ [5] was played by certain 
<5p-modular forms denoted by /* , f£ , f p , ... of weights — 1 — 0, — 1 — </> 2 ,— 1 — <f> 3 , ■■■ and 
by ^-modular forms denoted by f® and fo, P of weights <\>—\ and 1 — respectively 
(where the former are defined whenever X is disjoint from the cusps while the latter 
are only defined if X is disjoint from both the cusps and the supersingular locus). 
Recall that f p fd, p = 1- The definition of these forms will be reviewed in the body 
of the paper. Our second main result (cf. Theorems I5.1[ [5731 and 15.51 in the body 
of the paper) is the following: 

Theorem 1.2. Assume v p (tt) > p-zj- Then the 5 p -functions f p , fg iP , f p , f p , f p , ... 
are S^-overconvergent. Also /jj is 8^-overconvergent for any classical normalized 
newform f of weight 2 and level T Q (N) over Z. 

By the way the forms f p ,f p , fd :P "generate" (in a sense explained in [HI HI IB]) 
all the so called isogeny covariant ^-modular forms (in the sense of loc.cit.). We 
refer to loc.cit. for the role of these forms in the theory and for the significance 
of the theory itself (in relation, for instance, to the construction in 8 p -geometry of 
the quotient of the modular curve by the action of the Hecke correspondences); 
reviewing this background here would take as too far afield and is not necessary for 
the understanding of our second main result above. 
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1.4. Summary of the main forms. We end our discussion by summarizing (cf. 
the table below) the main (5„-overconvergent (5 p -modular forms appearing in this 
paper. 



t/~lT"TTl 

1U1 111 


~r t" ci n n f^r\ 

ci L L dLllL Ll LU 


\JL LlCl 


~w roi re h "t - 


/H r~im oin a 


J P 


r > 1 


V 




A nlQinmt frniTi If^/QTlQi 


ft 


/ on T (N) 


1 or 2 





X arbitrary 


ft 


/ on T (Np) 


1 





X disjoint from (ss) 


Jp 




1 


0-1 


X disjoint from (cusps) and (ss) 


fd,p 




1 


1-0 


X disjoint from (cusps) and (ss) 



1.5. Plan of the paper. We begin, in section 2, by revisiting our main set the- 
oretic concepts above from a scheme theoretic viewpoint; <5 p -functions and 5^- 
functions will appear as functions on certain formal schemes called p-jet spaces 
and 7r-jet spaces respectively; cf. OH]. We shall review some of the properties of 
the latter and we shall analyze the concept of c^-overconvergence in some detail. 
Section 3 is mainly devoted to reviewing some basic aspects of modular param- 
eterization and bad reduction of modular curves, following [13l HH [15]; so this 
section is exclusively concerned with "non-differential" matters. In section 4 we go 
back to arithmetic differential equations: we will use modular parameterizations 
and bad reduction of modular curves to construct certain ^-modular forms and 
eventually the "new" <5 p -modular forms in Theorem ll.il In section 5 we prove S n - 
overconvergence of some of the basic <5 p -functions of the theory, in particular we 
prove Theorem 1 1.21 

1.6. Acknowledgment. This material is based upon work supported by the Na- 
tional Science Foundation under Grant No. 0852591 and by the Max Planck Institut 
fur Mathematik, Bonn. Any opinions, findings, and conclusions or recommenda- 
tions expressed in this material are those of the author and do not necessarily reflect 
the views of the National Science Foundation or the Max Planck Institut. 

2. (^-OVERCONVERGENCE: DEFINITION AND GENERAL PROPERTIES 

As expained in the Introduction we begin in this section by presenting S p - 
functions and (^-functions from a scheme-theoretic viewpoint (which is equivalent 
to the set-theoretic viewpoint of the Introduction) . The scheme-theoretic viewpoint 
is less direct than the set-theoretic one but is the correct viewpoint when it comes 
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to proofs so will be needed in the sequel. We then introduce the concept (and 
examine some general properties) of S^-overconvergence. 

2.1. p-jet spaces and 7r-jet spaces [3]. Let C P (X,Y) G 7L\X,Y\ be the polyno- 
mial with integer coefficients 

C p (X,Y):= XP + YP -( X + Y ^. 

A p- derivation from a ring A into an A— algebra B, tp : A — > _B, is a map S p : A — > B 
such that 6p(l) = and 

5 p (x + y) = S p x + 8 p y + C p (x,y) 

8p(xy) = x p -Spy + yP -SpX+p-SpX-dpy, 

for all x,y G A. Given a p— derivation we always denote by : A — > B the map 
4>{x) — tp(x) p + pSpX; then <fi is a ring homomorphism. A 5 p - prolongation sequence 
is a sequence «S* = (S ,n )n>o of rings S n , n > 0, together with ring homomorphisms 
(still denoted by) tp : 5" r ^ S n+1 and p-derivations tf p : S n -> S n+1 such that 
SpOip — ipo5 p on S n for all n. We view S n+1 as an S^— algebra via tp. A morphism 
of ^-prolongation sequences, u* : S* — > S 1 * is a sequence ti" : S 1 ™ — >• S 1 ™ of ring 
homomorphisms such that S p o u™ = o <5 p and tp o u n = u n+1 o tp. Let W be 
the ring of polynomials 1\4>] in the indeterminate <f>. For w = ^2, Qifi 1 (respectively 
for w with di > 0), S 1 * a ^-prolongation sequence, and x € (5 , °) x (respectively 
x G S a ) we can consider the element x w := nl=o l -P r ~ l 4' l {x) ai € (>S r ) x (respectively 
a:™ G 5 r ). 

Recall the ring i? p := Z p r , completion of the maximum unramified extension of 
the ring of p-adic integers Z p . Then R p has a unique p— derivation 5 p : R p — > R p 
given by 

S p x = [<f>(x) - x p )/p, 
where <f> : R p — > R p is the unique lift of the p— power Frobenius map on k — R p /pR p . 
One can consider the ^-prolongation sequence R* where i? p = R p for all n. By a S p - 
prolongation sequence over R p we understand a prolongation sequence S* equipped 
with a morphism R* — > S*. From now on all our <5 p -prolongation sequences are 
assumed to be over R p . 

Let now tt be a root of an Eisentein polynomial with Z p -coefncients and let 
C W {X,Y) G Z p [ir}[X,Y} be the polynomial 

XP + Y p - (X + Y) p v 
C„(X,Y) := ±^1 \±±I±- = Pc p (X,Y). 

A 7T- derivation from an Z p [7r]-algebra A into an A— algebra -B, tp : A — > _B, is a map 
(5 W : A — > B such that 6^(1) = and 

8„ (x + y) = 5 w x + SicV + C w (x, y) 

$ir{xy) = x p ■ 5 n y + y p ■ S^x + tt ■ 5 w x ■ S^y, 

for all x,y £ A. Given a ir— derivation we always denote by tp : A — > B the 
map 4>(x) = tp{x) p + ttS^x; then is a ring homomorphism. A 5^- prolongation 
sequence is a sequence S* = (S n ) n >o of Z p [7r]- algebras S n , n > 0, together with 
Z p [7r]- algebra homomorphisms (still denoted by) tp : S n — » 5 n+1 and tt— derivations 
: S n — > S n+1 such that S„ o tp = tp o S n on S n for all n. A morphism of S^- 
prolongation sequences, u* : S* — > S* is a sequence u" : S" 1 — > S" 1 of Z p [7r]- algebra 
homomorphisms such that on" = u n+1 o 6 n and tp o u n — u n+1 o y>. Let 
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be, again, the ring of polynomials Z[0] in the indeterminate (f>. For w — ^a^ 1 
(respectively for w with at > 0), S* a ^-prolongation sequence, and x £ (S°) x 
(respectively x £ S°) we can consider the element x w := n[=o { p r ~ % <\> % {x) ai £ (S r ) x 
(respectively x w £ S r ). 

As above we may consider R^ = i? p [7r] and the ir— derivation 5 V : — > R n 
given by 

5 n x = (4>{x) — x p )/ir. 

One can consider the ^-prolongation sequence i?* where i?" = R n for all n. By 
a ^^-prolongation sequence over R n we understand a prolongation sequence S* 
equipped with a morphism R* — > S* . From now on all our (^-prolongation se- 
quences are assumed to be over R n . 

We note that if S* = (S n ) n >o is a <5 p -prolongation sequence such that each S n 
is flat over R p then the sequence S* ®r p R^ = (S n ®r p i? w )„>o has a natural 
structure of ^-prolongation sequence. Indeed letting (f> : S n — > S n+1 denote, as 
usual, the ring homomorphisms <fi{x) = x p + pS p x one can extend these </>s to ring 
homomorphisms (f> : S n ®R p Rir ~ > S 71+1 ^)u p Rt T by the formula <f)(x<S>y) = (j>(x)®<f>(y) 
where <j) : R v — > R^ is given, as usual, by <f>(y) — y p + TrS^y. Then one can 
define 7r-derivations 6„ : S n (8^ -> S n+1 <S>r p R v by S„(z) = {<t>{z) - z p )/tt 
for z £ S n <E)r p Rtx- With these d^s the sequence S* <Eir p R n is a ^-prolongation 
sequence. 

For any affine i? p -scheme of finite type X = Spec A there exists a (unique) 
(^-prolongation sequence, A* = (A") n >o, with A = A such that for any 5 P - 
prolongation sequence B* and any i? p -algebra homomorphism u : A — > B° there 
exists a unique morphism of <5 p -prolongation sequences u* : A* — > B* with u° = u. 
We define the p-jet spaces J p {X) of X as the formal schemes J p (X) := Spf A n . 
This construction immediately globalizes to the case X is not necessarily afhnc 
(such that the construction commutes, in the obvious sense, with open immer- 
sions). For X smooth over R p the ring of <5 p -functions X(R p ) — > R p naturally 
identifies with the ring of global functions 0(J p (X)): under this identification any 
function / £ 0(J p (X)) gives rise to a 5 p -function X(R p ) — > R p sending any point 
P £ X(Rp), P : Spec R p —> X into the i? p -point of the affine line A. R defined by 

spf r p p 4 j;(i)44 f ; 

here P n is the morphism induced from P via the universality property of the p-jet 
space. If X is a group scheme over R p then 

f:j;(X)^G a , Rp =A Rp 

is a group homomorphism into the additive group of the line if and only if the 
corresponding map X(R p ) — ► R p is a group homomorphism; such an / is called a 
5 P - character of X . 

As a prototypical example if X = A R — Spec R p [x] is the affine space (where x 
is an TV-tuple of variables) then J p (X) = Spf R p [x, 5 p x, ...,8 p x\" (where S p x, ...,S p x 
are new A^-tuples of variables). 

We will need, in this paper, a slight generalization of the above constructions as 
follows; cf. [5 s . First note that the p-jet spaces J p (X) only depend on the p-adic 
completion of X and not on X. This immediately implies that one can introduce 
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p-jet spaces Jp(X) attached to formal p-adic schemes X over R p which are locally p- 
adic completions of schemes of finite type over R p ; the latter association is functorial 
in X. 

Similarly, for any affine -R^-scheme of finite type Y — Spec A there exists a 
(unique) (^-prolongation sequence, A* — (A n ) n >o, with A = A such that for any 
^-prolongation sequence B* and any /i^-algebra homomorphism u : A — > B° there 
exists a unique morphism of ^-prolongation sequences u* : A* — > B* with u° = u. 
We define the ir-jet spaces J%(Y) of Y as the formal schemes J£(Y) :— Spf A n . This 
construction immediately globalizes to the case Y is not necessarily affine (such that 
the construction commutes, in the obvious sense, with open immersions). Again, 
for Y smooth over the ring of (^-functions Y(R n ) — > Rp naturally identifies 
with the ring of global functions (D(J™(Y)). If Y is a group scheme over R v then 
/ : J%(Y) — > A R is a group homomorphism into the additive group of the line if 
and only if the corresponding map Y(R^) — > R^ is a group homomorphism; such 
an / is called a 8^- character of Y . 

As a prototypical example if Y = A R = Spec R-„[x\ is the affine space then 
J"(F) = Spf Rtt[x, 8 n x, 8™x]~ (where 8„x, <5™x are new iV-tuples of variables). 

As in the case of p-jet spaces, note that the 7r-jet spaces J"(Y) only depend 
on the 7r-adic completion of Y and not on Y. This immediately implies that one 
can introduce 7r-jet spaces J™(!V) attached to formal 7r-adic schemes y over R^ 
which are locally 7r-adic completions of schemes of finite type over the latter 
association is functorial in y. 

For any scheme X/R p we write Xn„ '■= X® R R^. Let X/R p be a smooth affine 
scheme. The (^-prolongation sequence (O(J n (X))) n >0 induces a structure of 6„- 
prolongation sequence on the sequence (0(J n (X)) ® Rp i? 7r )„>o- By the universality 
property of the ^-prolongation sequence (O(J™(X Rir ))) n >0 we get a canonical 
morphism of ^-prolongation sequences 

(2.1) o(,j:(x r j) -> o(j;(x)) ® Rp Rv. 

The following is trivial to prove by induction: 

Lemma 2.1. For any n > 1 there exists a polynomial F n G R^\t\, t n ] without 
constant term, of degree < p n ~ x with the property that for any f G O(X) we have 

(2.2) %f -> J r ^/ + 7r^ e -«'°>F n (<5 p /,...,5™- 1 /) 
under the map \2.1\l . 

In particular, for instance, 

Snf 2y 

(2.3) 

51 f ^ £s?J+(%-^)(6 p fr. 

Note that for 1 < n < e- 1 and / G O(X) the image of 8%f in 0(J£(X))® Rp R„ is 
always in the ideal generated by ir. Also note that for / G O(X) the image of 8%f 
in 0(J p l (X)) ® Rp Rn is not always in the ideal generated by 7r; indeed the image 
of 8%p in 0(Jp(X)) ® Rp R^ belongs to R* . For X not necessarily affine we get a 
morphism (|2.1[) and a canonical morphism of 7r-adic formal schemes 

(2.4) j;{x)® Rp R^ j:(x r j. 
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Note that the map (|2.1[) is an isomorphism if n = 0. For n > 1 the map (|2.1J is 
not surjective and its reduction mod p is not injective. Nevertheless, we have: 

Proposition 2.2. The map \2.1\l is injective. 

We will usually view the map (I2.1[) as an inclusion. 

Proof. Indeed it is enough to prove this for X afhne and sufficiently small. So 
let us assume that X has etale coordinates i.e. there is an etale map R[x] — > O(X) 
with x a tuple of variables. Then by the local product property of 7r-jet spaces [3], 
Proposition 1.4, (|2.1j) becomes the natural map 

(2.5) o(x R j[5^ Xl ...,s^xY ^ o(x)[s pXl ...,s; x y (g> Rp k. 

Now let L be the fraction field of the 7r-adic completion of 0(X R7t ). (The latter 
is an integral domain by the smoothness of X/R p .) Then the left hand side of 
(|2.5|) embeds into L]\5 v x, 6™x]] while the right hand side of (|2.5p embeds into 
L[[5 p x, ...,SpX]] (the latter because R v is finite over R p ). Finally we claim that we 
have a natural isomorphism 

(2.6) L[[S 7r x,...,Sy]}^L[[S p x,...,S;x}} 

that induces (|2.1[k this of course will end the proof that (|2.ip is injective. To prove 
the claim note that there is natural homomorphism 

(2.7) L[6 n x,...,5^x]^L[S p x,...,5;x} 

which is trivially seen by induction to be surjective by the formulae (|2.2p . Since the 
rings in (|2.7jl have both dimension n it follows that (|2.7|) is an isomorphism. Since 
(|2.7[) maps the ideal (S^x, ...,5™x) into (and hence onto) the ideal (5 p x, ...,5 p x) we 
get an isomorphism like in (|2.6j) and we arc done. □ 

Let now Tr : R^ — > R p be the (i? p -linear) trace map. We may consider the 
i?p-linear map 

(2.8) 1 ® Tr : 0(J£(X)) ® Rp R v -> 0(J£(X)) ® Rp R p = 0{j;{X)). 
Composing (|2.ip with (|2.8[) we get an i? p -linear arithmetic trace map: 

(2.9) t„:0(JZ(X r J)^0(J2(X)). 

(Later we will encounter another type of trace maps which will be referred to as 
geometric trace maps.) 

Proposition 2.3. Let X be a smooth scheme over R p and f G 0(J p (X)). The 
following conditions are equivalent: 

1) f times a power of p belongs to the image of the trace map i2.9\) . 

2) f times a power of p belongs to the image of the inclusion map \2.1\) . 

Proof. The fact that condition 2 implies condition 1 is trivial. 

In order to check that condition 1 implies condition 2 let S be the Galois group 
of Q P (n)/Q p (and hence also of K^/Kp) and let us consider the action of E on 
0(J p (Xj) ® Rp R n via the action on the second factor. We will prove that E acts 
on the image of 0{ J^(X Rir )) — > 0(J p (X)) ® Rp R^; this will of course end the proof 
of the Proposition. Let a e E and =: u £ Z p [ir] x . 

Claim 1. (f> and a commute on R^. Indeed <j) o <j and a o <f> have the same effect 
on Rp and on tt. 
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Claim 2. </>ocr = cro0as maps from 0(J*(X)) <S>r p to £>(J^ +1 (A)) (g> Rp 
R-k- Indeed it is enough to check this for X = Spec R p [x] the affine space, x a 
tuple of variables. So it is enough to check that <fi and a commute as maps from 
RJ 1" to RJ ]". This is clear because <f> and a commute 

on i?,r and on each tuple d p x. 

Claim 3. ao5„ = ^-S n oa as maps from (^(^(X))®^^ to 0(J p +1 (X))^ Rp R„. 
This follows trivially from Claim 2. 

Now to conclude it is enough to show that for any I < i < r, and any / € O(X) 
we have that a(S l n f) is obtained by evaluating a polynomial Pi with i? 7r -coefficients 
at Sjrf, ...,5^f. We proceed by induction on i. The case i = 1 is clear. Assume our 
assertion is true for i. Then 

= fa(a(6if)) 

and we are done. □ 

Definition 2.4. A function / £ 0(J p (X)) is called S^-overconvergent if it satisfies 
one of the equivalent conditions in Proposition 12.31 

Remark 2.5. The set of (5^-overconvergent elements of 0(J p (X)) is a subring con- 
taining all the elements of the form 8 p f with i < n and / € 0(X). In particular if 
X is affine then the subring of (5^-overconvergent elements of 0( J p (A)) is p-adically 
dense in 0(J p (X)). 

Remark 2.6. Under the identification of <5 p -functions (respectively ^-functions) 
with elements of the ring 0(J p (Xj) (respectively (D(J%(Xr w ))) the definition of 
(5 OT -overconvergence above corresponds to the definition of <5 T -overconvergence given 
in the Introduction. 

Remark 2.7. Let us note that <5 w -overconvergence is preserved by precomposition 
with regular maps. Indeed, if u : Y — > X is a morphism of smooth i? p -schemes and 
if A • / is in the image of (|2.ip for some A € R v and some / £ 0(J p (X)) then if / 
is identified with the corresponding map / : X(R p ) — > R p it follows that A • / o u 
is in the image of 0(J£(YrJ) -> 0{jf{Y)) ® Rp R n . (Here / o u is identified with 
u*f where u* is the naturally induced map 0{J p {X)) — ¥ 0(J p (Y)). 

The next Proposition shows that the trace map 7V in (|2.1|) . although not injective, 
is "as close as possible" to being so. 

Proposition 2.8. The map 

e-l 

(2.io) o(j;(4))4 0o(j;(i)), /^m/),^/),...,^- 1 /)) 

i=0 

is injective. 

Proof. Indeed if the image of / in 0(Jp(X))® Rp R-n is YTi=o fi®^ 1 an d the image 
of / via the map (f27TTJ|> is then we get £|=o Tr(7T i+j )fi = for all j = 0, e-l. 
Now dei(Tr(7r l+: ') ^ which implies /q = ... = f e _i = hence, by Proposition ^. 21 
/ = 0. □ 
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Example 2.9. Consider the multiplicative group G m ,R p — Spec R p [x,x 1 ] and 
3ter 

i/fp £ 0(Jl(G m , Rp )) = R p [x lX -\8 p xX 



the standard <5 p -character 



in [3] defined by 

e v ' n>l v 

Assume w p (7r) > — r, e.g. 7r = 1 — £ p . Then clearly pip p = mp n where ip„ is the 
(5 7r -character ijj^ G (Di^J^i^m^ )) defined by 

n>l V / 

(which is well defined because if v p (n) > then ^(tt™" 1 /™) is > and -> oo as 
n — > oo). So f/'p is ^Tr-overconvergent. Moreover 

TttWv) = TV ( - ] -p^ p . 



By the way, if 7T = 1 - ( p then Tr(£) = 

The above global concepts and remarks have a local counterpart as follows. Let 
<7 be a variable and 6^q, 5 p q corresponding variables. Then exactly as above we 
have that the natural map 

(2.12) ^((^[U-.W-^^toJJMv.W 

is injective. We shall view this map as an inclusion. On the other hand there is a 
natural trace map 

(2.13) TV : i^((g))[<W-, W -> 3 -.^9]*. 

where the first map is the inclusion (|2. 12|) and the second map Tr is induced by 
the trace map TV : — > R p on the coefficients of the series. As in the global case 
we have that: 

Proposition 2.10. For a series f in i? p ((g))[^ p g, S^q]" the following conditions 
are equivalent: 

1) f times a power of p belongs to the image of the trace map (2.13]) . 

2) f times a power of p belongs to the image of the inclusion map (2.12]) . 

So as in the global case we can make the following: 

Definition 2.11. A series in R p ((q))[6 p q, 5 p q\~ is 8^-overconvergent if it satisfies 
one of the equivalent conditions in Proposition ^. 101 

Example 2.12. Assume v p (ir) > e.g. it — 1 — ( p - Then the series 



(2.14, ,,„.1^M)", 6JW( , ))M . 
is ^-overconvergent. Indeed we can write p^ p = TT^ n where the series 



s \ n 

Kg \ 

qP 
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is in ((q))] S^q]" because v p (n n 1 /n) is > and — > oo. 

Next we would like to compare the concept of <5,r-overconvergence introduced 
above with the classical concept of overconvergence as it was introduced in the 
work of Dwork, Monsky, and Washnitzer. Let us recall the classical concept of 
overconvergence of power series or, more generally the concept of overconvergence 
of series with respect to a subset of variables. 

Definition 2.13. Let C be a positive real number and p — p c . Let x and y 
be tuples of variables and F G R p [x,y]" C i? p [[x, y]] a restricted power series, 
F = ^2 a a,px a y^ (where a, /3 are multiindices) . Then F is called overconvergent in 
the variables y with radius > p if there exists a positive real number C" such that 
for all a, (3 one has v p {a a ^) > C\j3\ — C" (equivalently |a Q , ( g|p' /3 ' is bounded from 
above independently of a and (3) . 

Here \[3\ is, of course, the sum of the components of (3. We make then the 
following: 

Definition 2.14. Let V be any smooth scheme over R p and let / G 0(J p (V)). We 
say that / is S p - overconvergent with radius > p if for any affine open set W C V 
and for any closed embedding W C A d = Spec R p [x) (where s is a ci-tuple of 
variables) the image of / in 0{J r p (W)) is the image via 0{J r p (k d )) -> 0{J r p {V)) of 
a restricted power series in 0{J p {K d )) = R p [ ]" which is overconvergent 

in the variables S p x, S p x with radius > p. 

Then we have the following: 

Proposition 2.15. Let V be any smooth R p -scheme. Assume 1 < r < e — 1 
and f £ 0(Jp(V)) is 5 ^-overconvergent. Then f is S p - overconvergent with radius 

Proof. It is enough to prove this for V = A d . By hypothesis p v F is in the image 

of 

Rn[x, SirX, —,S^x]" -> Rp[x, 8 p x, ...,5 p x}" (g> Rp Rk 
for some v. We may assume v = 0. Write 

F(x, S p x, S p x) = a ao ... ar x ao ^x) a \..{6lx) a ^ 

ao,...,a r 

with a ao ... ar G i?,r. By (|2.2p one can find polynomials G L G R^[ti, ■■■,U] of degree 
< p 1 ^ 1 such that 

S^x — it ■ Gi(6 p x, ...,S p x), l<i<e—l. 

We get that 

F(x, S p x, S r p x) = J2 «a,... a ^ |ai+ - +a ^ ao (G^Spx))^ ...(G n (6 p x, S r p x)) a " . 
Then clearly the coefficient of the monomial 

x a (5 p xf\..(S r p xfr 
in F is going to have p-adic valuation at least 



i + ... + /3 r \ 

e V p r - x 




and we are done. □ 
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Remark 2.16. Proposition 12 . 151 fails if we do not asssume the order r is strictly less 
than the ramification index e. Here is a typical example. Let V = A 1 = Spec Rp[x], 
7r = y/p; so e = 2 and 6%x = p{S p x) + w((5 p a;) p , u = 1 — p^" 1 )/ 2 . Let a„ e i? p , 
Vp(an) — > oo, w p (a„) < n e , < e < 1, and let 

F = F(x,S p x,S^x) :=^2a n (p(5% x ) + u(S p x) p ) n € Rp[x, 5 p x, S^x]\ 

Then F is <5 T -overconvergent because 

F = ^a n {5lx) n e i^AM^- 

On the other hand F(x,S p x,S p x) is not 5 p -overconvergent of radius p (regardless 
of the value of p). Indeed if this were the case then 

F(0,y,0) = J2*nU n y np 

would be overconvergent in the variable y with radius > p which is clearly not the 
case. 

Remark 2.17. The concept of <5 p -overconvergence introduced above comes with a 
built in number p that is "coordinate independent" (independent of the affine em- 
bedding). It is worth remarking that no such coordinate independent p can be 
similarly attached to the classical overconvergence concept of Monski and Wash- 
nitzer. This is best exemplified by the following example. Let y = {2/1,2/2} be a 
pair of variables. For any i? p -automorphism a of R p [2/1,2/2] let us denote by a the 
induced automorphism of R p [yi, 2/2] Then one can easily find examples of elements 
/ € R p [j/i, 2/2]" having the following properties: 

1) There is a real po > 1 such that the series / is overconvergent in the variables 
y with radius > po; 

2) There is no real p > 1 such that for any automorphism a of R p [yi,y2] the 
series <x(/) is overconvergent in the variables y with radius > p. 

To come up with an explicit example let / = Yl n >iP n Vi- Then 1) above is 
satisfied with po = p. To show that 2) is satisfied assume there is a constant p > 1 
having the property that for any automorphism a of R p [yi,y2] the series <t(/) is 
overconvergent in the variables y with radius > p and let us seek a contradiction. 
Take any integer m > 1 such that p m > p and let a be the automorphism defined 
by <r(tfi) = 2/1 +2/2™, = 2/2- Then a(f) = E n >i P n (Vi + vTT ■ The coefficient 

of J/™" in the latter is p n so we must have that p- n p mn is bounded from above 
independently of n; this is a contradiction and we are done. 

Remark 2.18. Let us make the following definition. For a smooth affine scheme 
V, an element / € 0(Jp"(F)) is overconvergent if there exists a closed embedding 
V C A d = Spec i? p [x] and a real p > 1 such that / is the image via 0(J p (A d )) — > 
0(Jp(V)) of a restricted power series in 0(J p (A d )) = R p [ 1" which 

is overconvergent in the variables x,S p x, ...,S p x with radius > p. (So here, as 
opposed to the definition of <5 p -overconvergence, we include the variables x as well. 
Also we only ask that p works for one particular embedding V C A d .) If / is 
as above and V C A d = Spec R p [x] is another closed embedding then one can 
easily see that there exists a generally different real number p > 1 such that / is 
the image via 0(J^(A d )) -> 0{J r p {V)) of a restricted power series in 0(J^{A d )) = 
R p [x, 8 p x, 5 p x]' which is overconvergent in the variables x, 6 p x, S p x with radius 
> p.) We expect that all the remarkable (5 p -functions appearing in this paper that 
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will be proved to be ^Tr-overconvergent (such as f p ,f p , f p in the Introduction) are 
also overconvergent. This would not imply (and would not be implied by) our 5 n - 
overconvergence results or our 5 p -overconvergence results with radius bounded by 
a universal constant. 

2.2. p-jets and 7r-jets of formal groups. In what follows we recall from [5J, 
section 4.4, the construction of p-jets of formal groups and we also introduce the 
7r-jet analogue of that construction. 

Start with a formal group law T £ S[[Ti, T2]} (in one variable T) over S — 0(X), 
where X is a smooth affine i? p -scheme. For r > 1 we let S T p := 0(J'p(X)). Let T 
be the pair of variables T\,T%. One has a natural p-prolongation sequence 

(5;[[T,«5 p T,...,^T]]) r >o 

(where 5 p T, 5 p T, ... are pairs of new variables). Then the r + 1-tuple 

F,S P F, ...,5 r pF 

defines a commutative formal group in r + 1 variables T, S P T, 5 p T . Setting T = 
in the above series, and forgetting about the first of them, we obtain an r-tuple of 
series 

Fi := {SpFj^o, ...,F r := {<5£.F}| T=0 . 
This r-tuple belongs to Sp[S p T, SpT]" and defines a group 

(2.15) (A r s P i+}) 

in the category of p-adic formal schemes over Sp. Now let 

2(T) = ^a„T"e (S®Q)[[T]] 

n>l 

be the logarithm of J- . Recall that na n £ S for all n. Define 

(2.16) Up := I{^(/(T))}| T=0 € (S r p ® Q)[[6 P T, 5 r p T]}. 

Then L r p actually belong to Sp[6 p T, SpT]~ and define group homomorphisms 

^:(A^,[+])^(A^,+) = G a , S j. 

For all the facts above we refer to [6J, pp. 123-125. 

Now let SI := 0(J^(X R J) C S£ ® Rp cf. Proposition O We have the 
following 

Proposition 2.19. 

1) For some integer n(r) > 1, p n ^F r belongs to the image of the natural homo- 
morphism 

s;[6„t, ...,j;t]" (s; ® R r[k})[s p t, s;t]~. 

2) If Vp(%) > p-^j. e.g. if 7T = I — Cpi then L r v :— ^L r p belongs to the image of 
the natural homomorphism 

s^w, %t\- -► (s; ® R R[7T])[SpT, s;t}\ 
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Proof. Since </> r (T) = T? r mod tt in R^[d^T, S^T] we have {(ff {T)}\ T=0 = 
mod 7r in the same ring. Set G r>n = ■^{<fi r (T)}\t=o- We claim that for any F £ 
S[[T}} with F(0) = we have 

P N {6;F} lT=0 Gs;[s v T,...,s r 7r TY 

for some AT. Indeed since some power of p times 6 p F is a polynomial with Z- 
cocfhcients in F, (p(F), (f> r (F) it is enough to show that {(j) r {F )}\t=o 1S a restricted 
power series in S^T, S^T for any r. But {</> r (-F)}| T=0 is a power series with 
coefficients in {0 i (T)}|t=o = ffGi,n, i < r , ancl our claim is proved. The same 
argument works for T replaced by and tuple of variables; this ends the proof of 
assertion 1. To check assertion 2 note that 

L; = 5>(na„) G% 

n>l 

and we are done because na n £ S and w p (7r™ _1 /n) is > and — > oo. □ 

2.3. Conjugate operators. Recall from [B], Proposition 3.45, that if X/R p is a 
smooth afhne scheme and d : O(X) —> O(X) is an i? p -derivation then there are 
unique i? p -derivations 

(2.17) d ,...,d r :O(j;(X))^O(j;(X)), 

called the conjugate operators of d such that for all s,j = 0, ...,r: 

1) a, o <£ s = on O(X) if j ^ s; 

2) 9j- o 0? =pJ • <j>> o d on O(X). 
In case r = 1 it is trivial to see that 

3) d x f = and d x 8 p f = (f>df for / £ O(X). 

4) 9 / - 3/ and = -f p ~ 1 df for / e O(X). 

(By uniqueness this construction extends, in its obvious sheafified version, to 
the case when X is not necessarily afhne.) Note that the operator d r was in- 
troduced in Q] in a special case. Clearly dj uniquely extend to ^-derivations 
d 3 : 0(j;(X)) *® Rp R n -> 0(j;(X)) ® flp R*. View G(j;(X fl J) as a subring of 
(9(J£(X)) ® Rp R v . Then we have: 

Proposition 2.20. // / £ 0(Jp(X)) is 8^ -over convergent then so are djf for 

j = 0, ...,r. Moreover if r = 1 £/ien ©(J^Wfi^)) is sent into itself by both do and 
di. 

Proof. We may assume X is afhne. Write 

/ = F(fi, /„, S^fi, S^fn), F £ Rn[Ti , T n0 , T\ r , T nr ] . 

Then 

f)F 

■K! = E sjr(h> - /». - £A> - KfnWAKfi)- 

is ' 

So it is enough to show that dj(6*fi) times a power p" oi p is in 0(J^(X^ w )); we 
also need to show that one can take v = if r = 1. Since J*/* is a polynomial with 
-R^-coefficients in S p fi, 8 p fi it is enough to show that djS p f times a power p v of 
p is in ©(J^Xr^)) and that one can take i/ = if r = 1. These statements are 
clear from the properties 1, 2, 3, 4 of the the djS. □ 
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3. Review of modular curves 



This section is entirely "non-differential" and represents a review of essentially 
well-known facts about modular parametrization and bad reduction of modular 
curves. These facts will play a role later in the paper. 

3.1. Modular parameterization. Consider the following classes of objects: 
(1) Normalized newforms 



of weight 2 on T (M) over Q; in particular ax = 1, a n € Z. 
(2) Elliptic curves A over Q of conductor M. 

Say that / in (1) and A in (2) correspond to each other if there exists a morphism 



over Q such that the pull back to Xq(M) of some 1-form on A over Q corresponds 
to / and L(A, s) = ^ a n n~ s . We have the following fundamental result: 

Theorem 3.1. 

i) For any f as in (1) there exists an A as in (2) which corresponds to f. 

ii) For any A as in (2) there exists f as in (1) which corresponds to A. 

The first part of the theorem is due to Eichler, Shimura, and Carayol; cf. [T7] 
for an exposition of this theory and references. The second part of the Theorem is 
the content of the Tanyiama-Shimura conjecture proved, in its final form, in [2J. 

From now on we fix M = Np with (N,p) = 1, p > 5, N > 5, and we fix f and 
A corresponding to each other, as in Theorem \3.1l We further assume a p = 1 or. 
equivalently, A has split multiplicative reduction at p. 

Recall from [T7], p.282, that 

0"mn — a mO-n for (?7X, 71 ) — 1, agrOg — dgr+i 

for £ J(Np, and agr = d[ for £\Np; in particular a p r = 1 for all r. 

3.2. Model of Xi(Np) over Z[l/N,( p ], Recall that the modular curve X^Np) 
over C has a model (still denoted by X±(Np) in what follows) over Z[1/JV, £ p ] con- 
sidered in [T5], p. 470; this is a version of a curve introduced by Deligne and Rap- 
poport [12] and the two curves become canonically isomorphic over Z[1/JV, (n, Cp\ 
if Cn is a fixed primitive A^-th root of unity. Recall some of the main properties 
of X\ (Np) . First X\ (Np) is a regular scheme proper and flat of relative dimension 
1 over Z[l/iV, £ p ] and smooth over Z[l/Np, £ p ]. Also the special fiber of Xi(Np) 
over F p is a union of two smooth projective curves / and /' crossing trans versally 
at a finite set E of points. Furthermore I is isomorphic to the Igusa curve Ii(N) 
in [T5j, p. 160, so / is the smooth compactification of the curve classifying triples 
(E, a, ft) with E an elliptic curve over a scheme of characteristic p, and a : /ijv — > E, 
ft : [ip —> E are embeddings (of group schemes). Similarly /' is the smooth com- 
pactification of the curve classifying triples (E, a, b) with E an elliptic curve over a 
scheme of characteristic p, and a : /U y — > E,b : IjpTL — > E are embeddings. Finally 
E corresponds to the supersingular locus on the corresponding curves. 



(3.1) 




n>l 



(3.2) 



$ : X (M) -> A 
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3.3. Neron model of A over R^. Let tt = 1 — ( p and consider a fixed embedding 
of Z[Gv, (p, 1/N] into Rir (hence of Z[( N , l/N] into R p ] 

Let Ar^ be the Neron model of Ak„ ■= A <E)q over R^; cf. [2D], p. 319. 
Then the 7r-adic completion (A° R )" of the connected component A R of Ar^ is 
isomorphic to the 7r-adic completion (G m )~ of G m = Spec R^[x,x ]. Indeed by 
[20] . Theorem 5.3, p. 441, Ak w is isomorphic over K w to a Tate curve E q /K^ with 
q G nR n . By Corollary 9.1, p. 362, A R ^ is the smooth locus over R^ of a 
projective curve defined by the minimal Weierstrass equation of Ak„- Now the 
defining Weierstrass equation of the Tate curve ([20], p. 423) is already minimal 
(cf. [2U], Remark 9.4.1, p. 364). The isomorphism {A° R J* ~ (G TO )" then follows 
from the formulae of the Tate parameterization [5D], p. 425. 

On the other hand recall that the modular curve X%(N) over C has a natural 
smooth projective model (still denoted by Xi(N)) over Z[l/N] such that 

Yi(iV) := X^N^cusps) 

parameterizes pairs (E, a) consisting of elliptic curves E with an embedding a : 
j-iisi — > E. The morphism X\{Np) — > X\(N) over C induces a morphism 

e : XiiNpj^XZ -> X 1 (7V) i? ,\(ss) 

over JJjr , where (ss) is the supersingular locus in the closed fiber of X\ (N)r^. . Indeed 
the morphism Xi(Np) — > Xi(N) — > Ji(N) over C (where Ji(N) is the Jacobian of 
Xi(N) over C and Xi(N) — > Ji(N) is the Abel-Jacobi map defined by oo) induces 
a morphism from Xi(Np)r^\Y1 into the Jacobian Ji(N)r 7t of Xi(N)r 7t (by the 
Neron property, because the latter Jacobian is an abelian scheme and hence is the 
Neron model of its generic fiber). But the image of Xi(Np)R 7r \H — > ^(N)^ 
is clearly contained in the image of the Abel-Jacobi map Xi(N)b„ — > Ji(N)r 7t 
which gives a morphism Xi(Np)n^\Jl Xi(N)r^ and hence the desired morphism 
e : Xi(Np) R „\T, ->■ Xi(iV) Hw \(ss). Let X C X i (A/') fip \(ss) be an affine open set, 
Xr^ := X <E)r R-k C Ai(iV)fl x \(ss) its base change to R^, and X\ :— e^ 1 (Xr 7t ). 
Denote by Xr^ the 7r-adic completion of Xr^ . Also note that the 7r-adic completion 
of X\ has two connected components; let X\ be the component whose reduction mod 
7T is contained in I\T,. We get a morphism e : X\ — ¥ Xr^. 

3.4. Igusa curve and lift to characteristic zero. It will be useful to recall 
one of the possible constructions of the Igusa curve /. Let L be the line bundle 
on Xi(N)r such that the sections of the powers of L identify with the modular 
forms of various weights on Ti(N); cf. [TS] p. 450 where L was denoted by u>. Let 
Ep-i 6 H°(Xi(N)r , L v ^ r ) be the normalized Eisenstein form of weight p — 1 and 
let (ss) be the supersingular locus on Xi(N)r p (i.e. the zero locus of E p ^i). (Recall 
that Ep^i is normalized by the condition that its Fourier expansion has constant 
term 1.) Take an open covering (Xi) of X such that L is trivial on each Xi and 
we let Xi be a basis of L on X{. Then E v -\ = (piX? 1 where ipi € O(Xi). Set 
Xi = UijXj, Uij € O x (Xij), Xij = Xi n Xj. Consider the i? w -scheme X\\ obtained 
by gluing the schemes X\\i := Spec 0(Xi,R^)[ti]/ (t^ 1 — (p. t ) via ti — U^tj (where 
Xi,R„ ■= Xi (&r p Rk). Note that £?~ — <pi are monic polynomials whose derivatives 
are invertible in C(A^i,ii„)[ti]/(if _1 — <fii)- Denote in the discussion below by an 
upper bar the functor ®k. Note that the scheme X\\ = X\\ (g) k is isomorphic to 
X\ = X\® k; indeed X\\ is clearly birationally equivalent to / (cf. [15 , pp. 460, 
461) and is the integral closure of X in the fraction field of Xu. We claim that: 



18 



ALEXANDRU BUIUM AND ARNAB SAHA 



Proposition 3.2. The isomorphism Xu ~ X\ lifts uniquely to an isomorphism 

Proof. Indeed this follows immediately by applying the standard Lemma 13.31 
below to S := 0(Xi), X, = X h S\ = 0(X H ), X H = e~ l (Xi). □ 

Lemma 3.3. Let S —¥ S\ be a morphism of flat -K-adically complete R^-algebras, let 
f G S[t] be a monic polynomial and assume we have an isomorphism a : S[t]/(f) — > 
Si such that df /dt is invertible in S[t]/(f). Then a lifts uniquely to an isomorphism 
a:S[t}/(f)^Su 

Proof. The homomorphism a exists and is unique by Hensel's Lemma; it is an 
isomorphism because a is one and tt is a non-zero divisor in both S and S\ . □ 

3.5. Review of diamond operators. Recall from [15] that G := (Z/pZ) x acts 
on the covering X\(Np) ~ > Xi(N) over Z[l/N, £ p ] via the diamond operators (d) p , 
d G G; this action preserves the Igusa curve / and induces on I the usual diamond 
operators. In particular I/G -Xi(jVV is an isomorphism. So G acts on the 
covering e : X\ — > Xr^ and hence on the isomorphic covering (Xu)" — > X^\ cf. 
Proposition ^. 21 It is easy to explicitly find the latter action. Indeed any G- action 
on a covering {X\\if — > Xi.R^ must have the form 

(3.3) d-*i = £li*i. deG, 

for some homomorphism x '■ G — > Z/(p — 1)Z, where Cp-i i s a primitive root of 
unity of order p — I. Now we claim that x must be an isomorphism. Indeed if 
X was not surjective then the G-action on the Igusa curve I would be such that 
I/G —> Xi(N)f p has degree > 1, a contradiction. 

3.6. Classical and p-adic modular forms. We end by reviewing some more 
terminology and facts, to be used later, about classical modular forms and their 
relation with the p-adic modular forms of Serre and Katz. Let M be any positive 
integer. (In applications we write M = Np 1 " , (N,p) = 1.) In what follows a 
classical modular form over a ring B, of weight k, on Ti(M) will be understood 
in the sense of [T^l EH [H] as a rule that attaches to any i?-algebra C and any 
triple consisting of an elliptic curve E/C, an embedding ^m,c ~> ^[-^H, and an 
invertible one form on E an element of G satisfying the usual compatibility rules 
and the usual holomorphy condition for the Fourier expansion (evaluation on the 
Tate curve). We denote by 

M(B,k,M) = M{B,k,Tx(M)) 

the -B-module of all these forms. We denote by 

M(fl,K,r (M)) 

the submodule of those forms which are invariant under the usual diamond oper- 
ators. In particular any newform as in (|3.1I) is an element of M(Z,2,To(Np)); cf. 
[IB] , p. 113. Also by [T3], p. 21, the spaces M(R P , K,Np") embed into Katz's ring 
of generalized p-adic modular forms W = W(N,R p ) parameterizing trivialized el- 
liptic curves E over p-adically complete i? p -algebras, equipped with an embedding 
fi N C E[N}: if / G M(R p , k, Np v ) then /, as an element of W, satisfies A • / = A K / 
for A G Z x , A = 1 mod p u . (Here A • / denotes the action of Z x on W induced by 
changing the trivialization.) If / is actually in M(R p , k, To(Np^)) then A ■ / = X K f 
for A G lip . In particular any newform / as in (|3. 1(1 on To(Np) defines an element 
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(still denoted by /) of W such that A • / = A 2 /, A G Z* . By [14], p.21, any / as in 
(|3.1|) on r (A r p) is a p-adic modular form of weight 2 over R p in the sense of Serre, 
i.e. it is a p-adic limit in W (or equivalently in of classical modular forms 

over R p of weight k„ 6 Z on Ti (N) with K n = 2 mod p n (p — 1). So if / = X] a n9 n 
is as in (|3.1j) on To(A r p) then, by [TJ, p. 36, ^ a n q np is also a p-adic modular form 
of weight 2 in the sense of Serre. In particular the reduction mod p of ^ a n q np is 
the expansion of a modular form over k on Ti(iV) of weight = 2 mod p — 1. Finally 
recall from [15] that the Serre operator 9 := d-^ : k[[q]} — > k[[q\] increases weights 
of classical modular forms over k by p + 1. We conclude that the image in k[[q\] of 

E -q n £RpM 

(n,p)=l 

is the expansion of a modular form over k on Ti(A^) of weight = mod p — 1. 

We end by recalling a few basic facts about Hecke operators. Throughout the 
discussion below the divisors of a given non-zero integer are always taken to be 
positive, the greatest common divisor of two non-zero integers m, n is denoted by 
(m, n), and we use the convention (m, n) = n for m = 0, n ^ 0. Fix again a positive 
integer M and let 6m : Z>o — > {0, 1} be the "trivial primitive character" mod M 
defined by e M (A) — 1 if (A, M) = 1 and e M {A) = otherwise. 

For each integers n > 1, k > 2 and any ring C define the operator T k ^m{ 71 ) '■ 
C[[q\] by the formula 

t k ,mW/ = e ( E I 

m>0 yA|(ra,m) / 

Recall (cf., say, [17]) that if / = X) m >o a mq m € C[[g]] is the Fourier expansion of a 
form in M(C, k, To(Af )), k > 2, then the series T K] m("-)/ is the Fourier expansion 
of the corresponding Hecke operator on /. Note that if M = Np u , (N,p) = 1, 
(n,p) = 1 then T K ^ = T k ,m as operators on C[[g]]. Now if / is as in (|3.1[) then 
T2,Np(n)f = a n f for all n > 1; so, for (n,p) = 1 we have X2,iv( n )/ = a n/- O n the 
other hand, going back to an arbitrary f = J2 a m,q m € C[[g]], we have 

T K , N (p)f = E «™ P 9 m + V R ~ X E a ™^ m , 

m m 

T K ,Np{p)f = E a m P q m - 
m 

So T K jv(p) = T K jv p (p) mod p as operators on C[[g]]. Specializing again to / € 

as in (|3.ip on To(Np) we have T2 t Np(p)f = a p f = f so we get T2 t N{p)f = / mod p 

inZ[[ 9 ]]. 

4. (5 p -MODULAR FORMS ARISING FROM BAD REDUCTION 

In this section we return to "differential matters" . We will use bad reduction 
of the modular curve X\ (Np) at p to construct certain ^-functions on this curve. 
These functions will then induce (via a geometric trace construction) certain new 
interesting 6 : 7r - modular forms on the modular curve Xi(N). By further applying the 
arithmetic trace from down to R p we will obtain certain new (5 p -modular forms 
on Xi(N). We will then analyze the S^- Fourier expansions (respectively <5 p -Fouricr 
expansions) of these forms. On our way of doing this we will review the concepts 
of Sp-modular form and S p -Fourier expansion following [S] [B]. 
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4.1. <5 p -modular forms and ^-modular forms. Let L be the line bundle on 
Xi{N)r p such that the spaces of sections H°(Xi(N)r p , L® K ) identify with the 
spaces M(R p , k, N) of classical modular forms over R p of weight k on Ti(N)\ cf. 
[15] p. 450 where L was denoted by lu. 

Let X C Xi(N)r an affine open subset. (In 6 , 10, 9 we always assumed that X 
is disjoint from the cusps; we will not assume this here because we find it convenient 
to cover a slightly more general case.) The restriction of L to X will still be denoted 
by L. Consider the X-scheme 

(4.1) V := Spec 

By a Sp-modular function of order r on X |10j we understand an element of the 
ring Mp := 0( J p (V)). If we set, as usual, Vr x := V <Eir p R-k then by a S^-modular 
function of order r on X we will understand an element of M£ := 0(J^(Vr w )). 
The formation of these rings is functorial in X. Also if L is trivial on X with basis 
x then Mp identifies with 0( J p (X))[x, x' 1 , 5 p x, S p xY and M£ identifies with 
0{ J%(X))[x, x^ 1 , S n x, 8^x]". Recall the ring W := Z[4>] of polynomials in <j); it 
will play in what follows the role of ring of weights. By a 5 p -modular form of order r 
and weight w € W on X we mean a <5 p -modular function / € M p such that for each 
i, / € C(j;(X t )) • af; cf. [TU]. We denote by M$(w) the i^-module of ^-modular 
forms of order r and weight w on X. For w = 0we set S p = MJ(0) = C(Jp(X)). 
By a 5^ -modular form of order r and weight w on X we will mean a J^-modular 
function / £ M£ such that for each i, f € 0{Jl{X iiR J) • . We denote by M£(w) 
the i? T -module of cV-modular forms of order r and weight id onl. For w = 
we set SI = M;(0) = 0(J^(X R J). In view of (HQ) and (@U we have natural 
-Rjr-algebra homomorphisms 

(4.2) m; m; ® fip iz, 

preserving weights, i.e. inducing ii^-linear maps 

m;h -> m;<» ® Rp r^, wew. 

Also we have i? p -linear trace maps 

(4.3) r w : Af$ -> A/; 
that preserve weights i.e. induce maps 

(4.4) : MJ(w) -> A*J(«0, 
In particular we have -R^-algebra homomorphisms 

5; -> 5 p r ® fip ^ 

and i?-linear trace maps 

T v : S n — > Sp. 

When applied to the scheme V, Definition 12.41 translates into the following: 



Definition 4.1. A <5 p -modular function / € M p is called 5^- overconvergent if one 
of the following equivalent conditions is satisfied: 

1) / times a power of p belongs to the image of the map (|4.2p : 

2) / times a power of p belongs to the image of the map (|4.3[) . 
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4.2. (^-modular forms from ^-functions on X\. Let X c Xi(N)r p be disjoint 
from the supersingular locus (ss) (but necessarily from (cusps) !). There is a 
canonical way of constructing J^-modular forms of weights 0, — 1, — p + 2 on X 
from ^-functions on X\ . Indeed we will construct natural geometric trace maps 

(4.5) t k : 0(J:(X)) MH-k), n = 0,...,p-2, 

as follows. The isomorphism (X\\)" ~ Afi in Proposition [JO] induces an isomorphism 
j;(A|) ~ j;(Xi). Since X ai := Spec 0(X l ^)[t l ]/ (Fr 1 - ipA is etale over X itRn 
and since the formation of 7r-jet spaces commutes with etale maps it follows that 
we have an identification 

(4.6) 0(jr(X m )) = 0(j;(X i ,Kj)[*i]/(*r 1 - <Pi)- 

Let us denote the class of ti in the latter ring again by U and let the image of 
a e 0(jr(X)) ~ 0(jr(Xn)) in 0(JJ(X„i)) be ECS ««,< e 0(-£(*i,«J)- 
Then define 

r Kjl a := a K!l a;- K € 0( ^(^.rJ) • xp. 
Note that from the equalities 

p-2 p-2 p-2 

^ , a K,jtj = ^ ] Oi Kl ,it i = ^ ] O-KjUij tj 
K — At— At— 

it follows that a Ki j = u^a K .j hence r K ja — T Kt jCt for all i and j. So the latter give 
rise to well defined elements r K a € M^(—n) which ends the construction of the map 

OH). 

Proposition 4.2. The map 

p-2 

(4.7) 0(JJ(A5))->©MJ(-k), a ^(r a,...,T p _ 2 a) 

AC=0 

is an isomorphism. 

Proof. Injectivity is clear from construction. Surjectivity immediately follows by 
reversing the construction of the trace maps above. □. 

On the other hand it will be useful to have a criterion saying when a J^-function 
on X\ "comes from" a ^-modular form on X of weight 0, i.e. from a (5^-function on 
X . Indeed recall the G = (Z/pZ) x -action on X\ induced by the diamond operators. 
This action induces a G-action on 0(J^.(Xi)) for all r > 1. Then we have: 

Proposition 4.3. The ring 0(J^(X\)) G of G-invariant elements of 0(J£(X\)) 
equals 0(j;{X R J). 

Proof. This follows immediately from the identification (|4.6|) and the fact that 
G acts on ti by the formula (|3.3[) where \ is an isomorphism. □ 

4.3. (^-character composed with modular parameterization. We assume, 
unless otherwise specified, that n = 1 — £ p and we fix, as usual an embedding 
Z[l/N, £jv, Cp] ~> R-k- Also recall our fixed elliptic curve A with modular parame- 
trization (|3.2[) and the modular form / in (|3.1[) . We continue to consider X C 
Xi(N)ji an affine open set disjoint from (ss). We shall freely use the notation 
in our section on bad reduction. By the Neron property [20 , p. 319, we get a 
morphism $ : X\ — > Ar^ over R^. We get an induced morphism from X\ into 
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the connected component (A° R Y — (G m )". This morphism $° : X\ — > (G m )~ 
induces a morphism $ : : J\{X\) — > J*(G m ). Now take the standard ^-character 
^tt G 0(J*(G OT )), cf. (f2~TTj) . identihed with a morphism t/v : J*(G m ) (A^J". 
By composition we get an induced morphism /" := ijj^ o (J) 1 : J^(X\) — > (Ajj 
This morphism can be identified with an element 

(4.8) fl G0(J*(*i)). 

(Here / in /| refers to the newform / = J2a n q n (|3.ip .) Now, since / is a form 
on To(iVp) it follows that <f> : X\ —> Ar^ is invariant under the diamond operators 
(d) p , d E G. This implies that /| is G-invariant. By Proposition 14.31 it follows that 

(4-9) fleO(j'(X R J) = A4(0) = Sl 

i.e. /| is a c^-modular form of weight 0. Consequently its image via the corre- 
sponding map (|4.4|) defines a <5 p -modular form of weight 0, 

(4.10) T irft G -Afp(O) = Sp. 

4.4. <S p -Fourier expansions and J^-Fourier expansions. The i? p -point oo on 
Xi(N)r induces 8^-Fourier expansion maps 

Indeed to construct such a map we may assume X contains oo; but in this case the 
map arises because X\\ — > Xr v is etale so the inverse image of oo by this map is a 
disjoint union of i? w -points. 

On the other hand there are 6^- Fourier expansion maps 

(4.11) E:M:^RA{q))[5,q,...,5UX- 

compatible, in the obvious sense, with the previous ones and with the <5 p -Fourier 
expansion maps in [51 [TO] 

(4.12) E:M r p ^R p ((q))l5 p q,...,6 r p qy. 

We recall [6] the <5 p -Fourier expansion principle according to which for any w the 
map 

E : M;(w) ^ R p ((q))[5 p q,...,5 r p qy 
is injective and has a torsion free cokernel. 

Remark 4.4. The maps (|4.11|) and (|4.12ll commute with the trace maps r w : M£ — > 
Mp and r n : R^{(c[))[S v q, —, 6^q\" -> R p ((q))[8 p q, S p qY, in the sense that Eot^ = 

T-k O E. 

Remark 4.5. Clearly if / G of i^-overconvergent then its <5 p -Fourier expansion 
E(f) is i5 w -overconvergent. Later we will prove the ^-overconvergence of a number 
of remarkable <5 p -modular functions. By the present remark we will also get that 
their <5 p -Fourier expansions are <5 w -overconvergent. However the <5,r-overconvergence 
of all these expansions can also be proved directly. 

The next Proposition establishes a link between the (S^-Fourier expansions of 
(^-functions on X\ and (^-Fourier expansions of their geometric traces. Recall the 
series E p -i(q) :— E(E p _i) e i? P [[g]] and the fact that E p -\(q) = 1 mod p in i? p [[<?]] 
[16] . So the series E p -\{q) has a unique (p— l)-root e(q) £ R p [[q\] such that e(q) = 1 
mod p in iip [[<?]]. 
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Proposition 4.6. If a £ 0{J^(X\)) then its 5^-Fourier expansion is given by 

P-2 

E(a) = J2 E Me(qr. 

Proof. Shrinking X we may assume X = Xi for some i. From E p -i — ipiX p ~ l 
we get 

E p ^(q) = E^Eixif- 1 = Eiuy^E^f- 1 . 
So E(tiXi) = c ■ e(q), c € R p , c v ~ l = 1. Now the birational isomorphism between 
the Igusa curve I and Xu sends ti%i into the form a in [15], p. 460-461, and the 
Fourier expansion in k[[q]] of the form a at oo is 1. It follows that c = 1. We get 

= EVo Eia^Eix^EixiYEiuY 



Z P K = E(T K a)e(qY 



□ 



Proposition 4.7. If fl e 0(J^(Xi)) is attached to f = Y, 

a n q n an in l[4-9\ ) then 

its 8^-Fourier expansion E(f%) G /ias i/ie form: 



(4.13) 



[(E„>! W +P*p«) n ) -P (E„>1 If?" 

Proof. Entirely similar to the proof of Theorem 6.3 in [7] 



□ 



Remark 4.8. The series in the right hand side of Equation l4.13l are a priori elements 
of 

K^[[q,S v q]] = Kn[[q,6 p q]]. 
The Lemma says in particular that these series are actually in i? 7r [[g]][(5 7r q]". One 
can also check the latter directly. 

Proposition 4.9. The form T^f\ in f^. 10\ ) satisfies the following identity in the 
ring R p [[q\] [S p q]~ : 



E{r,fl) = 



p-1 



, ri>l 



,n>l 



Proof. This follows from Proposition 14. 71 bv using Tr(-) = ^rr". 

One can get a more explicit picture mod 7r (respectively mod p) as follows. 



□ 



Proposition 4.10. The form f\ in J^.ffp satisfies the following congruence mod it 
in the ring R^HqWlS^q]" : 



,n>l 



S^q\ P 
qP 
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Proof. Using Proposition 14.71 and the fact that a mn — a m a n for (m,n) = 1 and 
a p i = 1 for all i [17], p. 282, one gets immediately that 



E(/|)|^ =0 = -^ E —r^O mod tt. 

TT * — ' TO 

(m,p) — l 

Also the coefficient of the monomial S^q in E(fl) equals a n . Finally fix 

i > 2; the coefficient of the monomial q p ^- n ~^ (S^qY in E(fl) equals 

tt 1 - 1 

c t .n ■= —7-( n - ~ 2)...(n - z + l)a„ G fsT w . 
z! 

If i < p clearly v p (ci^ n ) > 0. If i > p or if i = p and {n,p) = 1 then 
v p ((n - l)(n - 2)...(n - z + 1)) > 1 

and since 

, , i-1 i 1 

«B — T~ > 



il J p — 1 p — 1 p — 1 
we get fp(ci jn ) > 0. Finally, assume i — p and p\n. Then 



Ci n — a n — —a n mod tt 

P 



because 

P = 7rr- i a+c P )(i+( P +Q-a + c P + - + $- 2 ) 

= 7r p_1 (p— 1)! mod tt 



which easily concludes the proof because a np — a n . □ 

Proposition 4.11. The form r^f\ £ Si in \4- 10\ ) belongs to pS p . Moreover the 
form 

is S n -overconvergent and satisfies the following congruence mod p 

fl n„n | „ „np | ^pl 



E =v - £^ np 



71 , 

(n,p) — 1 / \ro>l 

in the ring R p [[q]] [5 p q]" . 

Proof. By Proposition 1-4.91 one gets 

H T «W\6 p q=o T5 2^ ~ 9 ' 

(n,p) = l 

The coefficient of q p ^ n ~^5 p q in E(r^f\) equals pa n . Also, for « > 2, the coefficient 
of qP( n ~ l \S p qy in Efafl) equals 

p — 1 p l 

— -a n (n - l)(n - 2)...(n - i + 1). 

In particular E(r w fl) is divisible by p in the ring [<5 p g]~. By the <5 p -Fourier 

expansion principle it follows that r w /| is divisible by p in S*p which proves the first 
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assertion of the Proposition. (5,r-overconvergence follows from Proposition [231 The 
rest of the Proposition then follows from the above coefficient computations. □ 

Remark 4.12. Let / = E Om1 m e k[[g\], := E(n,p)=l if?" e MM] and let V 

be fc-algebra endomorphism of k[[q\] that sends q into (j*. Then the series in k[[q\] 
obtained from the right hand side of the formula in Proposition 14.111 by reducing 
mod p equals 

g~JFV-V(7) 6 -^-£k[[ q ]\[S p q}. 

This series g is Taylor 5 p -p-symmetric in the sense of [5]. Also, recalling from [5] the 
operators denoted by "pU" and "pT (p)" acting on Taylor 5 P — p-symmetric series 
and using the fact that 22 ( jv(p)/ = / it is a trivial exercise (using the formulae in 
[5]) to check that "pU"g = ~g and hence 

ll pT {pYg = g + v(ft zr )). 

In particular note that g is not an eigenvector of "pTo(p)". On the other hand an 
action of the operators To(n) (for level iV) on fc[[q]] [<5 p q] was introduced in using 
the fact that T^A/^n)/ = a n / for (n,p) = 1 it follows (using the formulae in [9]) 
that nTo(n)g = a n g for (n,p) = 1. So g is an eigenvector of all operators nTb(n) 
with eigenvalues a n . 

5. (5„.-OVERCONVERGENCE OF SOME BASIC £ p -MODULAR FORMS 

In this section we prove the ^Tf-overconvergence of some of the basic ^-functions 
of the theory in [i [3 1 [3 H] . 

5.1. Review of the <5 p -modular forms / p [BJ. We start by reviewing the con- 
struction of some basic ^-modular forms / p = f£j et € Mp(~ 1 — 4> r )i r > 1- These 
were introduced in [5J [BJ . (There is a "crystalline definition" of these forms intro- 
duced in [BJ for r = 1 and [T] for r > 1 in the case of level 1, and in [BJ for arbitrary 
level; the equivalence of these definitions follows from [BJ, Proposition 8.86.) Below 
we follow [BJ, p. 263. The construction is as follows. We let X C Xi(N)r be an 
affinc open set disjoint from (cusps). Assume first that L is trivial on X and let 
a; be a basis of L. Consider the universal elliptic curve E — > X over R p and view 
a; as a relative 1-form on E/X . Cover E by affine open sets Ui- Then the natural 
projections Jp{Ui) — > Ui®s°Sp possess sections 

s hp : Ui&soS; -> J r p {Ui). 

Let Np :— Ker(.F p (E) — > E^s° S%)\ it is a group object in the category of p-adic 
formal schemes over Sp. Then the differences Si jP — Sj, p define morphisms 

Si, P - s jtP : U tJ ® s oSp -> N'p 

where the difference is taken in the group law of Jp(E)/Sp. On the other hand 
Np identifies with the group (A^ r ,[+]) in (|2.15[) with coordinates given by the 
SpT, 5pT, where T is a parameter at the origin of E chosen such that x = dT mod 
T. Let Lp be the series in (|2.16[) attached to the formal group of E with respect to 
the same parameter T, viewed as a homomorphism L r : Nil — (AL, [+]) — > G a ,s r - 

P P 'Jp ' v 

The compositions 

Lp o (si, p - sj.p) : U i j®s°S p ' -> &a,s p ' 
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define a Cech cocycle of elements 

(5.1) ^ e Oiu^sos;) 

and hence a cohomology class ip r in ^(E^goS^O) = H^E <g) 5 o S r p ,0). The 
expression 

(5.2) ( V r ,x)x- 1 -^, 

where the brackets mean Serre duality, is a well defined element of S p • x^ 1 "^ . 

If L is not necessarily free on X we can make the above construction locally and 
the various expressions (|5.2[) glue together to give an element 

(5-3) /^^ei^H-f). 

5.2. ^-over-convergence of f p . 

Theorem 5.1. Assume v p (ir) > ^zj- Then the forms 

^eM^-i-f)®^ R n 

belong to the image of the homomorphism 

m;(-i - 4> r ) -> m;(-i - p) ® Rp R n . 

In particular f p are 5^-overconvergent. 

Proof. The question is clearly local on X in the Zariski topology so we may 
assume that L is free on X with basis x and X has an etale coordinate t : X —> A 1 . 
We may also assume that each Ui — > X factors though an etale map tj : f/j — > 
X x A 1 . Next we note that 

(5.4) #;®s°£p ® Rp K ~ (ft <g> Rp i^) <g> s o (S*; 

(This follows from the general fact that if 5* is a ring, 5", C are 5*-algebras, A, B are 
C-algebras, and A' = A ® s S', B' = B ® s S' \ C = C ® s S' ', then A ® c B <g> s S' ~ 
A B' ~ A <g>c C ®c' B' — A' ®c> B' .) Consequently there is a canonical 
homomorphism from (|5.4[> to Ui,R^^s ^n> where, as usual, Ui,R^ = Ui®R p R^- We 
claim that one can find sections Sj lP and Si i7r of the canonical projections making 
the following diagram commute: 

Ui®slS r p ® Rv R« ^ J r p {U i )® Rp R K 

(5.5) | | 

where the vertical morphisms are the canonical ones. Indeed consider the ring 
B = 0(Ui t R^) and the commutative diagram 

B[s p t,...,s;ty <- B[s p t,...,s;t,s p u,...,s;ur 

(5.6) t t 

B[6 7r t,...,5 r 7r t}~ <- £[<M,-,<^,Mi>-,W 

with horizontal arrows sending <5 p t,, and <5£i, into 0. Then the spaces 

in the diagram (|5.5p are the formal spectra of the rings in the diagram (|5.6[) and we 
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can take the horizontal arrows in the diagram (|5.5[) to be induced by the horizontal 
arrows in the diagram (|5.6[) . The diagram (|5.5[) plus Proposition 12.191 then induces 
a commutative diagram 

— - — L r 

(5-7) II I 



where is the kernel of the canonical projection J^(E Rii ) — > En^^s an d 
the vertical morphisms are the canonical ones. The diagram (|5.7[) shows that the 
cocycle ^ip^ in (I5.1[) comes from a cocycle of elements in 0(0^^^®$° This 
immediately implies that the element £ (<p r , a;} € S p ®n p R n comes from an element 
in S£ and we are done. □ 

Remark 5.2. Since /* s Af^ is ^Tf-overconvergent it follows that its <5 p -Fourier 
expansion E(fp) € i2p((g))[5p9]* is also ^-overconvergent. But, as shown in [5], 
E(fp) equals the series Vtp in (|2 . 14|) and note that we knew already (cf. the remarks 
surounding Equation 12.141) that ty p is (^--overconvergent. A similar remark holds 
for r > 2. 

5.3. ^-over-convergence of J® , fo,p- In this subsection we assume that X C 
Xi{N)r p is an affine open set disjoint from (cusps) and (ss). There are remarkable 
forms fp € Mp((f> — 1) /g iP € Af 1 (l — 0) playing a key role in the theory; they are 
multiplicative inverses of each other: fp ■ fg_ p = 1. These forms were introduced 
in [T] in the level 1 case; cf. [BJ, p. 269, for the arbitrary level case. The definition 
of these forms in [BJ, loc.cit. is crystalline but an alternative description of these 
forms (up to a multiplicative factor in R x ) can be given via [BJ, Propositions 8.64 
and 8.66; here we shall follow this latter approach. Indeed one has a canonical R- 
derivation d : 0(V) — > 0(V) defined by Katz [16] via the Gauss-Manin connection, 
generalizing the "Serre operator"; cf. [BJ, pp. 254-255, for a review of this. (Here V 
is as in (|4T]).) One can consider then the conjugate operators do, d\ : M p — > M p = 
0(Jp(V)); cf. (I2.17p . One can also consider the Ramanujan form P 6 M°(2); cf. 
[BJ, p. 255, for a review of this. Then one can define fp € Mp by the formula 

(5.8) fl:=d x f l p -pcj>{P)fleMl. 

It turns out that actually fp has weight 0—1, i.e. fp <G M p ((j) — 1) and fp has a 
multiplicative inverse in Mp called fg tP which actually lies in M (1 — <f>) and satisfies 

(5-9) fo, P = -Oof' + P ■ fl. 

(By the way, as shown in [TJ, f& and hence /a,p, have <5 p -Fourier expansion E(fp) = 
E(f d>p ) = l.) 

Theorem 15. II plus Proposition 12.201 imply then the following: 

Theorem 5.3. Assume v p (n) > — Then the elements f / p , £ fo,p G ®fl p 
belong to the image of the map Af* — » Af* <g)# p R n . In particular fp and fo :P are 
S^-overconvergent. 
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5.4. Review of the ^-characters i/j p of elliptic curves [6]. We follow [6], pp. 
194-197. Let A/R p be an elliptic curve and fix a level Ti(N) structure on A. 
(The construction below does not depend on this level structure.) If Yi(N)r := 
Xi(N)r \(cusps) we get an induced point Pa ■ Spec R p —> Yi(N)r . Let X C 
Yi(N)r be an affine open set "containing" the above point and such that the 
line bundle L on X is trivial with basis x. Let to be the invertible 1-form on A 
defined by x. By the universality property of the p-jet spaces we get canonical 
morphisms P r A : 0(Jp(X)) — > R compatible with 8 P in the obvious sense. Then 
any ^-modular form / e Mp on X defines an element f(A,ui) <E R p as follows: 
we write / = / • x w with / e 0(Jp(X)) and one takes f(A, uj) e R p to be the 
image of / in R p via the above morphism P r A . In particular one can consider the 
£p-modular forms f* e M^(— 1 — (j>) and f p e M 2 (— 1 — cf) 2 ) in (|5.3|) : we get elements 
fp(A,uj), fp(A,ui) £ R p . We recall that fp(A,uj) — if and only if A has a lift of 
Frobenius i.e. the p-power Frobenius of A ®r p k lifts to a morphism of schemes 
A — > A over Z. Assume in what follows that A does not have lift of Frobenius. 

Then the quotient pr^~j , which is a priori an element of K p , lies actually in R p . 
On the other hand we may consider the cocycles (|5.1j) . The images of these cocycles 
via the homomorphism S r p = 0{J r p {X)) -> 0{J r p {X')) 5 R p yield cocycles 

where Uij.A = Uij f~l A. (Here we view .A embedded into the universal elliptic curve 
£ via the isomorphism A ~ 15 xx,p A -Rp.) The cocycle 

turns out, by construction, to be a coboundary 

r — r 

with r s: e 0(U itA ), U^a = Ui n A. Recall the series L r p € S£[£ P T, <5£T]"; cf. 
(|2.16|) . (Here T is an etale coordinate at the origin of E such that x = dT mod T.) 
The images of L r p via Sp — > i? p yield series Lp(A) £ R p [5 p T, 5 p T\~. Take sections 

: Ui,A — > Jp(Ui t A) of the natural projections and let N 2 A be the kernel of the 
projection Jp(A) —> A. The maps 

(5.10) r hP : Ui, A xN% tA ->■ J p 2 (^,a), 

given at the level of points by (a, 6) i— > s^ p (a) + 6, arc isomorphisms. Consider the 
functions 

^ p := L2 (A) _|gg) L i (A) + r . 
( 5 - U ) G 0(J7 i>A )[^T,^T]- 

Then it turns out that the functions 

^OT-p 1 &0{J 2 p{U^ A )) 
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glue together to give a function 

(5.12) ip p G 0(J 2 (A)). 

This map turns out to be an homomorphism J p (A) — > G a and was referred to in 
[5J, Definition 7.24, as the canonical <5 p -character (of order 2) of A. (In loc. cit. ip p 
was denoted by ip can -) 

In case A has a lift of Frobenius a different (but similar, and in fact easier) 
construction leads to what in cf. 6 , Definition 7.24 was referred to as the canonical 
S p - character (of order 1) of A. We will denote it again by 

(5.13) <P P eO(4(A)). 

In [BJ, loc. cit. this (5 p -character was again denoted by ip C an- 

5.5. ^-over-convergence of rp p . Let A/R p be an elliptic curve and let r be 1 or 

2 according as A has a lift of Frobenius or not. 

Theorem 5.4. Assume v p (n) > r^j. Then the function ^ip P belongs to the image 
of the map 

o(j:(a r J)^o(j;(A))^ Rp r,. 

In particular ip p is S^-overconvergent. 

Proof. We give the proof in case r = 2. The proof in case r = 1 is similar. It is 
enough to show that one can choose the data in our construction such that: 

1) The functions f VVp (where tpi :P is as in (15.111) ) belong to the image of 

0(Ui, A ®fl p Rk)[5^T,51t]~ -> 0(U hA ® Rp R n )[5 p T,d 2 p TY; 

2) There are commutative diagrams 

{Ui,A ®r p R^)x(N 2 A <S> Rp Rn) J 2 p {U l . A ) ® Rp 

i i 
{U^a^R^xN* ±> J 2 (U t 

for isomorphisms Tj i7r . 

Now 1) follows from the fact that &L r p {A) G R^ [S^T, S^T}" (cf. Theorem [2H1J , 
and G 0(C/i,a)- On the other hand 2) follows from the fact that one can choose 
the sections Sj )P together with sections Si_ n as in (|5.5[) : then one can define the 
isomorphisms Ti !7r using Si^ in the obvious way. This ends the proof. □ 

5.6. i^-overconvergence of /J for / on ro(AT). We first recall the construction 
of the <5p-modular forms f£ attached to newforms on To (N) given in [11] . As 
usual we let N > 4, (N,p) = 1. Fix, in what follows, a normalized newform 
/ = X)n>i a «9" °f weight 2 on ro(iV) over Q and an elliptic curve A over Q of 
conductor N such that / and A correspond to each other in the sense of Theorem 
13.11 recall that this means that there exists a morphism 

(5.14) $ : X (N) -> A 

over Q such that the pull back to Xq(N) of some 1-form on A over Q corresponds 
to / and L(A, s) — a n n~ s . Fix an embedding Z[l/N, (jv] C R p - Let A Rp be the 
Neron model of A®qK p over R p (which is an elliptic curve) and let X\(N) Rp be the 
(smooth) "canonical" model of X\ (N) over R p which has been considered before. 
By the Neron model property there is an induced morphism $ p : X\{N) Rp — > A Rp . 
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Let X C Xi(N)r be any affine open set. Let r be 1 or 2 according as An has or 
has not a lift of Frobenius. (Note that we always have r = 2 if A has no complex 
multiplication.) The image of the canonical ^-character ip p £ 0{J p (An p )) in (|5.12[) 
(respectively (|5.13[1 ) via the map 

o(r p (A Rp )) S G(j;(x)) = s; = m;(o) c m; 

is denoted by /' = /J and is a <5 p -modular form of weight 0; this form was introduced 
in [7] and played a key role in [TTj . 

Putting together Theorem [53] and Remark 12.71 we get: 

Theorem 5.5. Assume v p (n) > p -zj- Then the function %-f£ belongs to the image 
of the map 

0(JUXnJ) -> 0(J£(X)) ^ R^. 
In particular f£ is 8^-overconvergent. 
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